Abstract We characterize the intra-regular Γ-semigroups and the left regular Γ-semigroups M in which xΓM ⊆ M Γx for every x ∈ M in terms of filters and we prove, among others, that every intra-regular Γ-semigroup is decomposable into simple components, and every Γ-semigroup M for which xΓM ⊆ M Γx is left regular, is decomposable into left simple components.
Let M be a Γ-semigroup. An equivalence relation σ on M is called left (resp. right) congruence (on M) if (a, b) ∈ σ implies (cγa, cγb) ∈ σ (resp. (aγc, bγc) ∈ σ) for every c ∈ M and every γ ∈ Γ. A relation σ which is both left and right is the filter of M generated by x (x ∈ M). It is well known that the relation N is a semilattice congruence on M. So, if z ∈ M and γ ∈ Γ, then we have (zγz, z) ∈ N , (zγzγz, zγz) ∈ N , (zγzγzγz, zγzγz) ∈ N and so on. A subset A of M is called semiprime if a ∈ M and γ ∈ Γ such that aγa ∈ A implies a ∈ A. 2 Intra-regular Γ-semigroups
We characterize here the intra-regular Γ-semigroups in terms of filtres and we prove that every intra-regular Γ-semigroup is decomposable into simple subsemigroups.
for every x ∈ M and every γ ∈ Γ. (1) M is intra-regular. Proof. (1) =⇒ (2) . Let x ∈ M and T := {y ∈ M | x ∈ MΓyΓM}. T is a filter of M. In fact: Take an element γ ∈ Γ (Γ = ∅). Since M is intra-regular, we have
then x ∈ T , and T is a nonempty subset of M. Let a, b ∈ T and γ ∈ Γ. Then
Since M is intra-regular, we have
We prove that bΓMγMΓa ⊆ MΓ(aγb)ΓM. Then we have
and aγb ∈ T . For this purpose, let bδuγvρa ∈ bΓMγMΓa, where u, v ∈ M and δ, ρ ∈ Γ. Since M is intra-regular, bδuγvρa ∈ M and γ ∈ Γ, we have
Let a ∈ T . Then x ∈ MΓaΓM, so x = uγaρv for some u, v ∈ M, γ, ρ ∈ Γ. Since u, aρv ∈ M, uγ(aρv) ∈ F and F is a filter of M, we have u ∈ F and aρv ∈ F .
Since a, v ∈ M, aρv ∈ F and F is a filter, we have a ∈ F and v ∈ F , so a ∈ F . Since zγzγzγzγz ∈ MΓzγzγzΓM, we have (zγzγzγzγz) N ⊆ MΓzγzγzΓM.
Since (zγz, z) ∈ N and z ∈ I ⊆ (x) N , we have (zγzγzγzγz) N = (z) N = (x) N .
Then y ∈ (x) N ⊆ MΓzγzγzΓM and y = aδzγzγzξb = (aδz)γzγ(zξb) for some a, b ∈ M, δ, ξ ∈ Γ.
We prove that aδz, zξb ∈ (x) N . Then, since I is an ideal of (x) N , we have (aδz)γzγ(zξb) ∈ (x) N ΓIΓ(x) N ⊆ I, and y ∈ I. We have
(5) =⇒ (6) . Since N is a semilattice congruence on M.
(6) =⇒ (7). Suppose σ be a semilattice congruence on M such that (x) σ is a simple subsemigroup of M for every x ∈ M. Let I be an ideal of M, x ∈ M and γ ∈ Γ such that xγx ∈ I. The set I ∩ (x) σ is an ideal of (x) σ . In fact: Since xγx ∈ I and xγx ∈ (x) σ , the set I ∩ (x) σ is a nonempty subset of (x) σ and, since (x) σ is a subsemigroup of M, we have
Since (x) σ is a simple subsemigroup of M, we have I ∩ (x) σ = (x) σ , and x ∈ I.
(7) =⇒ (1). Let a ∈ M and γ ∈ Γ. Then a ∈ MΓaγaΓM. Indeed: The set
MΓaγaΓM is an ideal of M. This is because it is a nonempty subset of M and
By hypothesis, MΓaγaΓM is semiprime. Since (aγa)γ(aγa) ∈ MΓaγaΓM, we have aγa ∈ MΓaγaΓM, and a ∈ MΓaγaΓM. Thus M is intra-regular. x ∈ MΓxγx (resp. x ∈ xγxΓM) for every x ∈ M and every γ ∈ Γ.
Theorem 6. Let M be a Γ-semigroup. The following are equivalent:
(1) M is left regular and xΓM ⊆ MΓx for every x ∈ M.
(5) (x) N is a left simple subsemigroup of M for every x ∈ M.
(6) M is a semilattice of left simple semigroups.
(7) Every left ideal of M is semiprime and two-sided.
Proof.
(1) =⇒ (2) . Let x ∈ M and T := {y ∈ M | x ∈ MΓy}. The set T is a filter of M containing x. In fact: Take an element γ ∈ Γ (Γ = ∅). Since M is left regular, we have
then x ∈ T , and T is a nonempty subset of M. Let a, b ∈ T and γ ∈ Γ. Then aγb ∈ T . Indeed: Since b, a ∈ T , we have x ∈ MΓb and x ∈ MΓa. Since M is left regular, we have
We prove that bγMΓa ⊆ MΓaγb. Then we have
and aγb ∈ T . Let now bγuµa ∈ bγMΓa for some u ∈ M, µ ∈ Γ. Since M is left regular, we have
Let a, b ∈ M and γ ∈ Γ such that aγb ∈ T . Then a, b ∈ T . Indeed: Since
and F is a filter of M, we have u ∈ F and a ∈ F , then a ∈ F .
(2) =⇒ (3). Let (a, b) ∈ N . Then a ∈ N(a) = N(b). Since a ∈ N(b), by (2), we
(4) =⇒ (5) . Let L be a left ideal of (x) N . Then L = (x) N . In fact: Let y ∈ (x) N . Take an element z ∈ L and an element γ ∈ Γ (L, Γ = ∅). Since
MΓzγz is a left ideal of M, by hypothesis, we have MΓzγz = t∈M Γzγz (t) N .
Since zγzγz ∈ MΓzγz, we have (zγzγz) N ⊆ MΓzγz. Since (zγz, z) ∈ N and
thus y = aµzγz for some a ∈ M and µ ∈ Γ. We prove that aµz ∈ (x) N . Then, since L is a left ideal of (x) N , we have (aµz)γz ∈ (x) N ΓL ⊆ L, and y ∈ L. We
(6) =⇒ (7). Let σ be a semilattice congruence on M such that (x) σ is a left simple subsemigroup of M for every x ∈ M. Let L be a left ideal of M and x ∈ M, γ ∈ Γ such that xγx ∈ L. The set L ∩ (x) σ is a left ideal of (x) σ . Indeed:
The set L ∩ (x) σ is a nonempty subset of (x) σ (since xγx ∈ L and xγx ∈ (x) σ ) and
Since (x) σ is a left simple subsemigroup of M, we have L ∩ (x) σ = (x) σ , then
x ∈ L. Thus L is semiprime. Let now L be a left ideal of M. Then LΓM ⊆ L.
Indeed: Let y ∈ L, γ ∈ Γ and x ∈ M. Since L is a left ideal of M, we have xγy ∈ MΓL ⊆ L. The set L ∩ (xγy) σ is a left ideal of (xγy) σ . Indeed: ∅ = L ∩ (xγy) σ ⊆ (xγy) σ (since xγy ∈ L and xγy ∈ (xγy) σ ) and (xγy) σ Γ(L ∩ (xγy) σ ) ⊆ (xγy) σ ΓL ∩ (xγy) σ Γ(xγy) σ ⊆ MΓL ∩ (xγy) σ .
Since (xγy) σ is left simple, we have L ∩ (xγy) σ = (xγy) σ = (yγx) σ , so yγx ∈ L.
